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SYNOPSIS 

Polyisobutylene can be produced in either continuous cationic precipitation or solution 
polymerization reactors. It is known that the open-loop behavior of polymerization reactors 
may be very complex and may lead to oscillatory behavior, which is usually caused by 
thermal positive feedback (due to the large heats of reaction of polymerization reactions) 
and high viscosity effects (such as the gel effect in radical polymerization reactors and the 
decrease of heat transfer coefficients at high polymer concentrations). Oscillatory behavior 
may be observed in industrial isobutylene reactors, and it is intended to know whether 
these oscillations are inherent to the kinetic mechanism. Based on published experimental 
data, mathematical models are developed for both solution and precipitation processes. 
Steady-state solutions are calculated and steady-state stability is analyzed. Dynamic sim- 
ulations and stability results reveal that only single stable steady-state solutions are possible 
for such reactors at  usual operation conditions, which means that oscillatory behavior is 
not intrinsic to the reaction mechanism. 0 1996 John Wiley & Sons, Inc. 

INTRODUCTION 

The most important commercial cationic polymer- 
ization processes are related to the production of 
isobutylene-based polymers. These polymers include 
butyl rubbers, polybutenes, and polyisobutylene 
( isobutylene homopolymer ) . These processes are 
usually performed in continuous solution or precip- 
itation reactors, where a Bronsted Acid like AIC13 
or BF3 is used as a catalyst in an organic solvent at 
temperatures that range between ambient and very 
low temperatures (as low as -100°C). The poly- 
merization reaction is extremely fast and sensitive 
to the presence of impurities, especially water, which 
is assumed to play the role of cocatalyst in the po- 
lymerization mechanism.'X2 

Polyisobutylene is produced commercially by the 
homopolymerization of isobutylene in continuous 
precipitation reactors, using AlC13 as a catalyst and 
methyl chloride as a solvent. In this case, the reactor 
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is refrigerated by boiling ethylene at -100°C in ex- 
ternal heat exchangers (EXXON Process). A sec- 
ond commercial process uses BF3 as a catalyst in a 
closed loop moving belt (BASF process-flash po- 
lymerization). Solution processes are also used to 
produce polyisobutylenes, and some of them are de- 
scribed in the literature.'S2 N-Alkanes are usually 
used as solvents, and condensers are used to remove 
the heat released by reaction ( autorefrigerated re- 
actors). The catalysts are the same described before. 

The operation of isobutylene polymerization re- 
actors is not simple. Kresge reports that some in- 
dustrial plants are composed of multiple reactors, 
which are operated intermittently for a maximum 
of 60 consecutive hours, due to operational problems. 
Oscillatory behavior and reaction extinction have 
also been reported by industrial  engineer^.^ These 
problems may be caused by dynamic instabilities, 
such as those that lead free radical solution poly- 
merization reactors to steady-state multiplicity and 
oscillatory ~ p e r a t i o n . ~ - ~  In free radical solution re- 
actions, instabilities are largely caused by a thermal 
positive feedback, which is due to the large heats of 
reaction of polymerization reactions. For instance, 
a small increase (decrease) of reactor temperature 
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causes an increase (decrease) of reaction rates and, 
consequently, an increase (decrease) of the amount 
of heat released by reaction, which leads to an ad- 
ditional increase ( decrease) of reactor temperature. 
This autoacceleration may go out of control, leading 
the reactor operation to a different steady-state so- 
lution or to oscillatory operation. Similar effects may 
be caused by the increasing (decreasing) viscosities 
of the reaction medium when monomer conversion 
increases (decreases). In this case, the heat transfer 
coefficient may decrease (increase) due to the in- 
creasing ( decreasing) viscosities, causing an increase 
(decrease) of the reactor temperature and, simul- 
taneously, of monomer con~er s ion .~ .~  Dynamic in- 
stabilities are experimentally observed and theoret- 
ically predicted in most polimerization systems, like 
free radical emul~ ion ,~  free radical suspension, lo and 
gas-phase l1 and slurry l2 Ziegler-Natta reactors. 

Isobutylene polymerization reactors have been 
very poorly studied. It seems that the only work 
published that regards such reactors is the one by 
Maschio et al.,13 which analyzes the solution poly- 
merization in batch isothermal reactors. In this work 
the authors wrote mass balances and MWD moment 
equations for dead and growing polymer chains in 
order to describe monomer conversion and polymer 
molecular weight distribution. 

Thus, the analysis of continuous polyisobutylene 
reactor model and stability is still lacking. In this 
work two mathematical models for the continuous 
isobutylene cationic polymerization reactors are de- 
veloped one for the solution (homogeneous) poly- 
merization and another for the precipitation (het- 
erogeneous) polymerization. The models are used 
to analyze whether complex dynamic behavior is in- 
herent to the kinetic mechanism of cationic isobu- 
tylene polymerization or whether it is caused by ex- 
ternal variables, such as heat exchanger design and 
the presence of impurities. Process conditions an- 
alyzed are similar to the conditions of the Exxon 
process for the high molecular weight isobutylene 
homopolymerization. So, the catalyst is AlC13, the 
solvent is methyl chloride for the precipitation re- 
actor and n-pentane for the solution reactor, and 
the operation conditions and reactor geometry are 
similar to the Exxon industrial systems. 

KINETIC MECHANISM 

Based on the work of Kennedy and co-worker~,~, '~-~~ 
who in the early sixties studied the isobutylene cat- 
ionic polymerization in detail at conditions that were 
similar to EXXON industrial polymerizations, 

F r e i t a ~ ~ ~  proposed the kinetic mechanism shown in 
Table I for the isobutylene polymerization. 

Nowadays, it is not possible to characterize the 
identity and concentration of the actual catalyst and 
cocatalyst in the reaction medium. The initiation 
step is not completely understood yet, so that the 
actual catalyst concentration is represented here as 
a fraction of the total amount of the A1Cl3 fed, by 
means of a catalyst efficiency. According to Plesch, 25 

AlC13 is easily complexed by the monomer when they 
are mixed, which inhibits the initiation step. There- 
fore, it is reasonable to assume that the actual cat- 
alyst is produced outside the reactor, before the 
mixing of the monomer and catalyst streams. The 
propagation step is composed of two parts: the ac- 
tivation (dissociation) equilibrium and the chain 

The activation equilibrium is due to 
the ionic nature of the growing species. It is generally 
accepted that the ions have to be far enough for a 
monomer molecule to be incorporated into the 
growing chain. Chain transfer occurs to both mono- 
mer and solvent molecules and controls molecular 
 eight.'^^^^ According to Kennedy and Squires, 
only espontaneous unimolecular termination occurs. 
Although this step has been neglected in previous 
studies, it is responsible for incomplete monomer 
conversion and is extremely important to the de- 
scription of actual process operation. This mecha- 
nism may be used to describe homogeneous and het- 
erogeneous polymerizations. 

The homogeneous isobutylene polymerization in 
n-pentane was studied by Kennedy and Thomas15 
and Kirshenbaum, Kennedy, and Thomas.23 The 
heterogeneous isobutylene polymerization in methyl 
chloride was studied by Kennedy and co-work- 

Due to the molecular polarity of methyl ers.2,14,16-21 

Table I Isobutylene Polymerization Kinetic 
Mechanism 

Initiation 

Initiator formation 
K 

A t X - A *  
4 

Chain formation A* + M + P, 
Propagation k. 

Pi e P: 
Activation-deactivation kd 

Chain growth 
Chain Transfer 

kP 
Pf + M + P,,, 

km 
To monomer Pi + M + Ai + PI 

To solvent 
Termination: 

kt 
Unimolecular Pi + Aj 
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Table I1 
(R = 8.314 J/(mol*K) 

Kinetic Constant Homogeneous Heterogeneous 
Ratio Polymerization Polymerization 

Kinetic Constant Ratios Estimated by FreitasZ4 

k d  - (mol/C) 
k P  

0.0142 exp (x) -9736 

-14483 
0.3153 exp (T) 

negligible 

0.00404exp - ( -:;5) 
-34969 

2287 exp (y) 
2526 
RT 

4.01*10-7 exp (-) 

chloride, Kennedy and Thomas l8 assumed that the 
deactivation step could be neglected in methyl chlo- 
ride medium, so that the ionic growing chain would 
always be activated and ready to propagate. Freitas 24 

assumed that the heterogeneous polymerization 
proceeds in a continuous monomer solution, where 
the polymer phase is suspended. These assumptions 
are supported by results presented by Kennedy, 
Kirshenbaum, and Thornas,l9 which show that chain 
addition is extremely fast and does not depend on 
monomer concentration. Freitas 24 also assumed that 
both polymer-rich and monomer-rich phases are in 
thermodynamic equilibrium, which is attained due 
to the large difference between average reactor res- 
idence time and reaction time. Finally, it has been 
assumed that reaction rates are not limited by dif- 
fusion. 

The lifetime of the polyisobutylene growing 
chains are very srnall,l7 and quasi steady-state ap- 
proximation can be applied for the growing chains. 

Isobutylene polymerizations are extremely 
f a ~ t , * * ' ~ - ' ~  so that the polymerization is over in a few 
seconds in batch systems.I5 For this reason, it is not 
possible to follow the kinetics of polymerization and 
to determine the kinetic constants independently. 
Kennedy and co-workers 17-20723 determined the ratios 
of some kinetic constants from molecular weight 
data, but they did not consider the termination step 
in the kinetic mechanism. Later, Kennedy and 
Squires2' showed that espontaneous unimolecular 
termination occurs but did not reevaluate the kinetic 
constant ratios. As monomer conversion is not com- 
plete in batch systems, 1 5 7 1 8  Freitas reevaluated the 
kinetic ratios based on conversion and molecular 
weight data presented by Kennedy and cowork- 
e r ~ . ~ ~ , ~ ~ - ~ ~ , ~ ~  These kinetic ratios are presented in 
Table 11. 

REACTOR MODELS 

Solution Polymerization Reactor 

A schematic diagram of the solution isobutylene 
homopolymerization rector is shown in Figure 1. 

Polymerization occurs in a constant volume, 
jacketed-stirred tank reactor. The solvent is n -pen- 
tane and the reaction mechanism is the one pre- 
sented before. As the density of the mixture is not 
constant, inlet and outlet volumetric flow rates are 
different. In the industrial reactor the monomer and 
catalyst feed streams are admitted at the same re- 
actor position,26 so that a single global feed stream, 
composed hypothetically of solvent, monomer, and 
catalyst, is fed to the reactor. As the catalyst feed 
rate is much lower than the monomer and solvent 
feed rates, its contribution to feed composition is 
negligible. 

Figure 1 
polymerization reactor. 

Schematic diagram of a solution isobutylene 
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It is important to emphasize that heat transfer 
at many industrial reactors is usually much more 
complex than described here. However, as shown by 
Athey, heat exchangers where boiling or condens- 
ing fluids are used may present very complex be- 
havior by themselves and may lead the whole re- 
action equipment to unstable conditions. The same 
may be said about autorefrigerated reactors, where 
condensers are used to remove the heat of reaction." 
For this reason, the heat removal mechanism has 
been kept as simple as possible, in order to allow 
the analysis of the natural dynamic behavior intro- 
duced by the reaction mechanism only. 

Then the solution isobutylene homopolymeriza- 
tion reactor model may be described by the following 
set of differential-algebraic equations: 

( 3 )  

where M is the monomer concentration; M f  is the 
monomer feed concentration; V is the reactor vol- 
ume; S is the solvent concentration; Sf is the solvent 
feed concentration; T is the reactor temperature; p 
is the density of the reactive mixture; p f  is the density 
of the feed stream; A, is the A1C13 feed concentration; 
[ is the catalyst efficiency; [Af  is the initiator feed 
concentration; ( -AHp) is the heat of polymerization; 
qf is the volumetric feed flow rate; q is the outlet 
volumetric flow rate; U is the global heat transfer 
coefficient; A ,  is the effective heat transfer area; T, 
is the coolant temperature; Tf is the feed tempera- 
ture; c p  is the specific heat of the reactive mixture; 
cpf is the specific heat of the feed stream. Here, the 
heat transfer coefficient is a function of fluid vis- 
cosity, which is a function of mixture composition, 
temperature, and polymer molecular weight. Shaft 
work has been neglected. Monomer and solvent feed 
concentrations can be written as: 

( 5 )  

where vM, is the monomer feed volume fraction; MM 
is the monomer molecular weight; MS is the solvent 
molecular weight; pM,  and p s ,  f are the monomer and 
solvent densities at feed temperature. 

The model equations can be rewritten as: 

+- uAc ( T ,  - 7') (10) 
PCP v 

where O r  = V / q f  is the reactor charging time and fl 
= V / q  is the reactor discharging time. In order to 
describe the polymer molecular weight distribution, 
the moments of molecular weight distribution can 
be written as: 

where A o ,  X I ,  A 2 ,  are, respectively, the zeroth, first, 
and second moments of dead polymer molecular 
weight distribution. a is the propagation probability 
defined as: 
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(14) 
kd + kpM 

a =  
kakpM + k,M + ksS + k, 

kd + kpM 

As concentration of growing chains is much lower 
than the concentration of dead chains, their con- 
tribution to the overall molecular weight is assumed 
to be negligible. The number average degree of po- 
lymerization is: 

The number average and weight average molec- 
ular weights are: 

x 
M , = M ~ ~  

A 0  

The polydispersity index is: 

Monomer conversion is: 

According to Brandrup and Imerg~t t ,~’  the heat 
of isobutylene polymerization is 963 kJ/kg of the 
polymer. If the thermal resistance of the reactor wall 
is negligible, the overall heat transfer coefficient, U ,  
is given by: 

1 1 1  
- + -  

U hi h, 
- _ -  

where hi and h, are the inside and the outside film 
heat transfer coefficients of the reactor, respectively. 
The outside heat transfer coefficient (h,) is assumed 
to be constant and equal to 1420W/m2/K, a mini- 
mum design value for jacketed  reactor^,^',^' and the 
inside film heat transfer coefficient (hi ) is estimated 
from the Chapman3’ correlation, suggested for a 
standard jacketed reactor3? 

where D, is the reactor diameter, k is the thermal 
conductivity of the reacting mixture, q is the vis- 
cosity of the reacting mixture,q, is the fluid viscosity 
a t  the wall temperature, Re is the Reynolds number, 
and Pr is the Prandlt number defined as: 

W P  Pr = - 
k 

where DT is the turbine impeller diameter and NT 
is the rotational speed of the turbine impeller. The 
dimensions of the solution reactor are presented in 
Table 111. 

The viscosity of the polymer solution is given by 
the Huggins equation: 29,33 

where qsp is the Huggins specific viscosity; qo is the 
viscosity of the isobutylene-n -pentane mixture; [ q] 
is the Mark-Houwink intrinsic viscosity, and C,, is 
the polymer weight concentration. The viscosity of 
the isobutylene-n -pentane mixture is an average of 
the monomer and solvent viscosities, given by Reid, 
Prausnitz, and Poling: 34 

ln(qM(T)) = -6.447 + 813.5/T 

+ 0.0132T - 2.4383 - 5*T2 (24) 

ln(qs(T))  = -3.958 + 722.2/T (25) 

The intrinsic viscosity is given by the Mark- 
Houwink equation: 

where the coefficients were estimated in accordance 
to Van Krevelen and I i ~ f t y z e r . ~ ~ , ~ ~  

Then the viscosity of the polymer solution and 

Table I11 Solution Reactor Geometry 

Parameter Value 

Reactor diameter (m) 2.90 
Reactor volume (1) 18927 
Impeller diameter (m) 0.967 
Heat transfer area (m’) 31.30 
Impeller velocity (rpm) 60.0 
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Table IV Physical Constants of Individual Chemical Spe~ ies~~* ' ' -~~  

Thermal Molecular 
Specific Heat, Conductivity, 12, Weight, M 

Property Density, P, (kg/U CP, (kJ/kg/K) (W/m/K) (dmol) 

Isobutylene 0.901-1.01E-4*T 
n-Pentane 0.886-8.72E-4*T 
Methyl chloride 1.378-1.523-3*T 
Polymer 1.01-5.06E-4*T 

1.890 0.224-4.24E-4*T 56.108 
1.982 0.209-3.OE-4*T 72.15 
1.473 0.378-6.63-3*T 50.49 
1.479 0.134 - 

the heat transfer coefficient depend on isobutylene 
concentration, n -pentane concentration, polymer 
concentration, temperature, and on the first and 
second moments of the molecular weight distribu- 
tion. 

The specific heat and thermal conductivity of the 
reactive mixture are obtained as: 

k = 2 w j k j ( T )  ( 2 7 )  

cp  = 2 w j c p j  (28) 

where w j  is the mass fraction of species j .  The density 
of the reactive mixture is given by: 

j=M,S,P 

j = M , S P  

where v, is the volume fraction of species j .  The 
physical constants of the individual chemical species 
are shown in Table IV. 

If the heat transfer coefficient is constant, the 
reactor model can be divided into two subsystems, 
where the first subsystem [ eqs. ( 7 ) -  ( l o ) ]  is inde- 
pendent of the second subsystem [ eqs. ( 11 ) - ( 13 ) 1.  
In such a case, the reactor dynamics can be studied 
by analyzing only the first subsystem. In the reactor 
model just described, the heat transfer coefficient is 
a function of isobutylene concentration, n -pentane 
concentration, polymer concentration, temperature, 
and the first and second moments of the molecular 
weight distribution, Thus, the system dynamics also 
depends on the first and second moments of the mo- 
lecular weight distribution [ eqs. ( 12) - ( 13) 1.  

As already discussed, the mechanism of the het- 
erogeneous isobutylene polymerization is similar to 
the mechanism of the homogeneous polymerization. 
Reactions take place in the continuous phase, pro- 
ducing dead polymer, which precipitates and forms 
a nonreactive disperse phase. The dead polymer 
concentration in the continuous phase is assumed 
to be negligible. Both monomer-rich and polymer- 
rich phases are assumed to be in thermodynamic 
equilibrium. Reactor volume is assumed to be con- 
stant and the quasi steady-state hypothesis is used 
to describe the growing chains. The reactor is as- 
sumed to be perfectly mixed. 

Then the dynamic reactor model may be de- 
scribed by the following system of differential-al- 
gebraic equations: 

Precipitation Polymerization Reactor 

A schematic diagram of the heterogeneous isobu- 
tylene homopolymerization rector is shown in Fig- 
ure 2. 

/ \ growing polymer 

continuous 

Figure 2 
tylene polymerization reactor 

Schematic diagram of a precipitation isobu- 
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d [ M ' ( l  - 4)  + M d 4 ]  
dt  

V 

M / q f -  [ M ' ( 1  - 4) + M d + ] q  - %MV ( 3 0 )  

d [ S ' ( l  - 4)  + S d 4 ]  
dt 

V 

d T  
PCPV 

[A/  k S' 
')is=a,[%] ( 3 5 )  

where M' is the monomer concentration in the con- 
tinuous phase; M d  is the monomer concentration in 
the disperse phase; M, is the monomer feed concen- 
tration; V is the reactor volume; 4 is the volume 
fraction of the disperse phase; S' is the solvent con- 
centration in the continuous phase; S d  is the solvent 
concentration in the disperse phase; Sf is the solvent 
feed concentration; T is the reactor temperature; p 
is the density of the reactive mixture; pf is the density 
of the feed stream; A f  is the AlCl, feed concentration; 
[ is the catalyst efficiency and [ A f  is the initiator 
feed concentration; ( -AH,) is the heat of polymer- 
ization; qf is the volumetric feed flow rate; q is the 
volumetric outlet flow rate; U is the global heat 
transfer coefficient; A,  is the effective heat transfer 
area; T, is the coolant temperature; T, is the feed 
temperature; c p  is the specific heat of the reactive 
mixture; cpf is the specific heat of the feed stream. 
Shaft work has been neglected. Reactor dimensions 
are presented in Table V. 

I t  is assumed that the Flory-Huggins equa- 
tion 29933,38 may be used to describe the thermody- 
namic equilibrium as: 

2 u: = u $ +  & + u $ =  1 
i 

Table V Precipitation Reactor Geometry 

Parameter Value 

Reactor diameter (m) 2.90 
Reactor volume (1) 18927 
Impeller diameter (m) 0.967 
Heat transfer area (m') 31.30 
Impeller velocity (rpm) 600.0 

where u$, u f ,  and u s ,  are the monomer, solvent, and 
polymer volume fractions in the disperse phase, x'M 

and x', are the monomer and solvent molar fractions 
in the continuous phase, and xi are the Flory-Hug- 
gins interaction parameters. Based on literature 
data, 29,33,38 Freitas 24 estimated the isobutylene- 
polyisobutylene and methyl chloride-polyisobutyl- 
ene Flory-Huggins interaction parameters as: 

X M  = 0.249 + 17.3 /T 

Xs = -1.631 + 7 0 6 / T  

( 3 9 )  

(40) 

Equations ( 36 ) - ( 38)  can be combined as: 

According to Kresge, the heat of polymerization 
in precipitation processes is 820 kJ/kg of the poly- 
mer. This value is different from the one presented 
previously, probably due to the heat effects asso- 
ciated with the polymer precipitation in the strongly 
nonideal solution. 

The moments of the molecular weight distribu- 
tion may be described as: 

dt  1 
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where a! is the propagation probability defined by: 

( 4 5 )  
k, 

ka + k,M' + ksS' + kt 
a!= 

The overall heat transfer coefficient of the reactor, 
U ,  is given by eq. (20) .  The outside heat transfer 
coefficient (h,) is assumed to be constant and equal 
to 1420 W /m2/K. The inside film heat transfer coef- 
ficient (hi ) is obtained from the Frantisak3' corre- 
lation, developed for solid-liquid suspensions in 
standard jacketed reactors: 31 

where the Reynolds number and Prandlt number 
are defined by eq. (22). Suspension viscosity de- 
pends on temperature, particle volume fraction, 
particle shape and size, and on the viscosity of the 
continuous phase. According to Frantisak and co- 
w o r k e r ~ , ~ ~  suspension viscosity can be related to 
particle volume fraction and viscosity of the contin- 
uous phase as: 

(47) 
1 
9 

qr = 7 = 1 + 2.54 + 7.54G2 

where qc is the viscosity of the continuous phase, 
obtained as an average of isobutylene [ eq. ( 24)  ] and 
methyl chloride v isc~s i t ies .~~ The methyl chloride 
viscosity is given by Reid, Prausnitz, and Poling: 34 

ln(qs(5")) = -5.07 + 981.9/T ( 4 8 )  

The thermal conductivity of the suspension is 
given by the Maxwell eq~at ion:~ '  

212' + kd - 2$( k' - k d )  
212' + kd + 4( k' - k d )  k = kc ( 4 9 )  

where k is the thermal conductivity of the suspen- 
sion, kd is the thermal conductivity of the disperse 
phase, and k' is the thermal conductivity of the con- 
tinuous phase. Individual phase thermal conductiv- 
ities were calculated as described by eq. ( 2 7 ) .  Sus- 
pension density is given by: 

Individual phase densities are given by eq. ( 2 9 ) .  
Suspension and individual phase specific heats are 
weight averages of the specific heats of the compo- 
nents. Physical properties of isobutylene and methyl 
chloride are shown in Table IV. As viscosity and 
other physical properties do not depend on polymer 
molecular weight, the dynamics of precipitation re- 
actors can be analyzed by using only the mass and 
energy balances. Using eq. ( 4 1  ) , mass and energy 
balances [ eqs. (30) - (33 ) ] can be rewritten as func- 
tions of a smaller set of state variables: 

where RM and Rs are monomer and solvent reaction 
rates: 

As u$, u," are functions of u$,  T ,  and &, the struc- 
ture of the system formed by eqs. ( 5 1  ) - ( 5 4 )  is: 

Equations ( 4 1 )  and ( 5 1 ) - ( 5 4 )  describe the dy- 
namics of the precipitation reactor, 
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STEADY-STATE A N D  DYNAMIC ANALYSIS 

Solution Reactor Dynamics 

The solution reactor model [ eqs. ( 7) - ( l o ) ,  ( 12),  
and ( 13 ) 1, was solved by using 4th and 5th-order 
Runge-Kutta Fehlberg methods.*' Nominal opera- 
tion conditions for the solution reactor are presented 
in Table VI. 

Figure 3 shows the open loop temperature re- 
sponse to step changes in the feed temperature. The 
system is initially a t  steady-state conditions. The 
feed temperature is then changed from an initial 
value of 173.15 K to 163.15 K, to 173.15 K, to 183.15 
K, and back to 173.15 K at intervals of 10 h. 

Figure 3 indicates that the steady states obtained 
at feed temperatures of 163.15 K, 173.15 K, and 
183.15 K are stable and that process dynamics is 
nearly linear. The system attains new steady-state 
conditions after roughly 5 h. Figure 4 shows the de- 
gree of polymerization, conversion, polydispersity, 
and viscosity responses to feed temperature pertur- 
bations. 

It may be seen in Figure 4 that an increase (de- 
crease) of reactor temperature leads to a decrease 
(increase) of both the degree of polymerization and 
the viscosity of the polymer solution. Consequently, 
heat transfer rate increases (decreases) and pulls 
the reactor temperature down (up).  This dumping 
mechanism stabilizes the overall reactor operation. 

Solution Reactor Steady-State Performance 

At steady state, the solution reactor model may be 
written as: 

Table VI 
Solution Polymerization Reactor 

Nominal Operation Conditions for the 

Operation Conditions 
Initial Steady 

State 

Tf = 173.15 K 
(manipulated variable) 

T, = 173.15 K 

tAf  = mol/L 
dr = 2.0 h 

V M > f  = 0.20 

M = 2.23 mol/L 
S = 8.09 mol/L 
T = 183.35 K 

XI = 0.292 
A,, = 3.7 x 10-~ 

= 4564.5 

176 I 1 1 

0 10 20 30 40 
time (h) 

Figure 3 Open loop temperature response to feed tem- 
perature step changes. Solution reactor. Operation con- 
ditions: v M , f  = 0.20, T, = 173 K, {Af = mol/L. 

+- uAc ( T c -  T )  = 0 (60) 
P C P  v 

P 

P f  
o = - o f  
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12000 

OP . 
10000 - 

8000 - 
6000 - 
4 0 0 0 ,  , , , , , , , (A) 

0 10 20 30 40 
time (h) 

0.16 I 

0 10 20 30 40 
time (h) 

0 10 20 30 40 
time (h) 

Figure 4 
Solution reactor. Operation conditions: vM, ,  = 0.20, T, = 173 K, (A, = 

Dynamic response of polymer properties to feed temperature perturbations. 
mol/L. 

As the degree of polymerization is large, the 
propagation probability is close to 1 and the poly- 
isobutylene polydispersity is close to 2, which was 
observed in all reactor simulations. 

Rearranging model equations, it is possible to 
write: 

+- uAc ( T , - T ) f + = O  (71) 
P f C P f  v 

From eq. (71) one can see that, when the charging 
time is equal to zero, the reactor is operated adi- 
abatically. In this case, reactor temperature is given 
by: 

One can also see that, if the charging time be- 
comes very large, the reactor temperature tends to 
the coolant temperature. If the coolant temperature 
is equal to the adiabatic temperature, then steady- 
state reactor temperature is always equal to the adi- 
abatic temperature and does not depend on the 
charging time. 

The system formed by eqs. (69) - (71) was solved 
with a continuation m e t h ~ d , ~ ’ , ~ ~  where charging time 
was the continuation parameter. Stability calcula- 
tions were carried out simultaneously, based on the 
First Method of L i a p ~ n o v , ~ ~  which means that the 
eigenvalues of the Jacobian matrix of the DAE sys- 
tem formed by eqs. (7)-(  l o ) ,  (12), and (13) were 
obtained (Press and co-workers QR code4*) and an- 
alyzed (see Appendix). In all cases analyzed, the 
eingenvalues were real and strictly negative, which 
means that the reactor is stable, does not oscillate, 
and does not present steady-state multiplicity. The 
real parts of the eingenvalue spectra are shown in 
Figure 5 as functions of charging time. 

Figure 6 shows steady-state reactor temperatures 
for different coolant temperatures. Reactor temper- 
ature always increases or decreases monotonously, 
between adiabatic temperature and coolant temper- 
ature. When the coolant temperature is greater than 
the adiabatic temperature, the coolant fluid is used 
to heat the reactor, which is not of practical interest. 

Reactor performance is influenced by tempera- 
ture strongly. Figures 7 and 8 show the degree of 
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Figure 5 Eingenvalue spectra as functions of charging 
time. Solution reactor. (A) Smallest eingenvalue, (B) 
greatest eingenvalue. Operation conditions: u M , ~  = 0.20, Tf 
= 173 K, T, = 173 K, {Af  = mol/L. 

polymerization and conversion as functions of the 
charging time. When compared to Figure 6, one can 
see that both the degree of polymerization and con- 
version decrease when reactor temperature in- 
creases. The degree of polymerization is a measure 

T(K'l I90 
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To = 183.6 K (85 - 

175 1 , I S  I '  I I 

0 10 20 &(h) 3O 40 so 

Figure 6 Steady-state reactor temperature as a function 
of jacket temperature. Solution reactor. Operation con- 
ditions: u M , ~  = 0.20, Tf = 173 K, EAf = mol/L. 
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Figure 7 Degree of polymerization for various jacket 
temperatures. Solution reactor. Operation conditions: U M J  

= 0.20, Tf = 173 K, EAf = mol/L. 

of the competition between chain-growing (propa- 
gation step) and chain-breaking processes (chain 
transfer and termination steps). From Table 11, the 
most important chain-breaking process is chain 
transfer to the monomer. As the difference between 
the activation energies of chain transfer to monomer 
and propagation is 14.90 kJ/mol, the rate of chain 
transfer grows faster than the rate of propagation 
as temperature increases, which means that larger 
degrees of polymerization should be expected at  
lower temperatures. Conversion depends mainly on 
the ratio between the rates of termination and prop- 
agation. From Table XI, the difference between the 
activation energies of termination and propagation 
is 19.64 kJ/mol, which means that the rate of ter- 
mination grows faster than the rate of propagation 
when temperature increases and that lower conver- 
sions should be expected at higher temperatures. 

X 
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0.06 f I I -  I I ,  
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Figure 8 Conversion for various jacket temperatures. 
Solution reactor. Operation conditions: YM,f  = 0.20, Tf 
= 173 K, ,$Af = mol/L. 
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Precipitation Reactor Steady-State Performance 

At steady state conditions, the precipitation reactor 
model becomes: 

k, PS 

kt MS 
+ - - ( l - v b ) + l  -- 

so that the degree of polymerization, number aver- 
age, and weight average molecular weights and 
polydispersity may be described by the same equa- 
tions presented before for the solution reactor [ eqs. 
( 65 ) - ( 68) ] . Monomer conversion may be described 
as: 

As in the previous case, eqs. ( 4 1 )  and (73)-(  76) 
were solved with a continuation m e t h ~ d , ~ ' , ~ ~  using 
charging time as the continuation parameter. The 
stability analysis was based on the First Method of 
L i a p ~ n o v , ~ ~  which means that the eigenvalues of 
the Jacobian matrix of the DAE system formed by 
eqs. (41 ) , ( 73 ) - ( 76 ) were computed simultaneously 
with the steady-state solutions (see Appendix). As 
in the previous case, the eingenvalues were always 
real and strictly negative, which means that the pre- 
cipitation reactor is also stable in the whole range 

-1E-2 -"'I 
-1E- 1 4 

20 30 
lo o f  (h) 

0 

f 

Figure 9 Eingenvalue spectra as a function of charging 
time. Precipitation reactor. (A) Smallest eingenvalue, (B) 
greatest eingenvalue. Operation conditions: .$Af = 4 X 
mol/L, vM,/ = 0.30, Tf = 173 K. 
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Figure 10 Steady-state reactor temperature as a 
function of jacket temperature. Precipitation reactor. 
Operation conditions: T, = 173 K, Y M , J  = 0.30, A, = 4 
x mol/L. 

of operation conditions analyzed. So, the reactor 
does not oscillate and does not present steady-state 
multiplicity. The real parts of the eingenvalue spec- 
tra are shown in Figure 9 as a function of charging 
time. 

The heterogeneous isobutylene polymerization 
reactor presents only one steady-state solution for 
each set of operation conditions. This is illustrated 
in Figure 10. As the solution reactor, two physical 
limits can be seen for reactor temperature in this 
system: the adiabatic temperature, for charging 
times close to zero, and the cooling jacket temper- 
ature, for very large charging times. As precipitation 
polymerization is more severe than solution poly- 
merization, higher adiabatic temperatures and con- 
versions are reached. Figures 11 and 12 show how 
the degree of polymerization and conversion change 
when both charging time and jacket temperature 
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Figure 11 Degree of polymerization for various jacket 
temperatures. Precipitation reactor. Operation conditions: 
vM,, = 0.30, T, = 173 K, A, = 4 X mol/L. 
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Figure 12 Coversion for various jacket temperatures. 
Precipitation reactor. Operation conditions: Y ~ , M , I  = 0.30, 
T, = 173 K, A, = 4 X mol/L. 

change. Comparing these figures with Figure 10, one 
can see that the degree of polymerization decreases 
and that conversion increases when temperature in- 
creases. It may be seen from Table I1 that the ac- 
tivation energy of the propagation step is larger than 
the activation energy of chain transfer to both 
monomer and solvent, which causes the decrease of 
the degree of polymerization as temperature in- 
creases. It may also be seen from Table I1 that the 
activation energy of the propagation step is larger 
than the activation energy of termination, which 
causes the increase of conversion as temperature in- 
creases. Dynamic simulations for the heterogeneous 
reactors are similar to the ones already presented 
for the homogeneous reactors and will not be shown 
here. 

DISCUSSION 

Figures 6-8 and 10-12 show that the steady-state 
responses of solution and precipitation reactors are 
significantly different. It is important to emphasize, 
though, that differences are mainly due to the dif- 
ferent effective activation energies of the termina- 
tion constants, as shown in Table 11. While the so- 
lution termination reaction is thermally terminating, 
in the sense that termination increases with tem- 
perature, the precipitation reaction is thermally ac- 
tivating, as termination decreases with temperature. 
As termination has been largely neglected in pre- 
vious studies, this phenomenon has yet to be ana- 
lyzed properly from a mechanistic perspective. These 
different steady-state responses do not imply, how- 
ever, any significant differences of the dynamic re- 
sponses. 
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Steady-state calculations and stability analysis 
show that continuous cationic isobutylene polymer- 
ization reactors are extremely well behaved. Dy- 
namic instabilities, such as self-sustained oscillatory 
behavior and steady-state multiplicity, should not 
be expected in the reactor configurations analyzed, 
although complex dynamic behavior has been re- 
ported for many other polymerization systems, 
which include free radical solution, free radical 
emulsion, free radical suspension, and gas-phase and 
slurry Ziegler-Natta reactors. It seems that the rea- 
son why isobutylene reactors are so well behaved is 
that both the energy balance and the reaction rates 
are coupled very weakly. Reaction is accomplished 
almost instantaneously and does not depend very 
much on the reactor temperature, which may be seen 
by checking the activation energies in Table 11. The 
plant capacity depends mostly on the heat transfer 
area available to remove the heat of reaction and 
not on the reaction rates. So, one important positive 
feedback mechanism-the thermal positive feed- 
back-is turned off in the cationic isobutylene po- 
lymerization. It seems that viscosity effects cannot 
explain complex dynamic behavior in the reaction 
systems analyzed either. At  heterogeneous reactors, 
the viscosity of the mixture changes very little due 
to polymer precipitation, which keeps the viscosity 
of the reaction mixture close to the viscosity of the 
solvent. At  homogeneous reactors, the viscosity 
tends to brake the speed of variation of process con- 
ditions. As already discussed, when temperature in- 
creases viscosity decreases, leading to an increase of 
the heat transfer coefficient, and vice versa. 

A question remains open, though: why do indus- 
trial reactors oscillate? Many assumptions may be 
made, which may even include inadequate tuning of 
controller parameters. However, two important 
points must be emphasized. First, heat transfer 
mechanism is usually much more complex at  actual 
industrial plants and may be the source of unusual 
dynamics. Second, the reaction systems analyzed are 
very sensitive to the presence of feed impurities and, 
as already shown by Pinto and Ray,5 reactor dy- 
namics may be extremely sensitive to changes of the 
concentrations of impurities in the feed stream. The 
analysis of these two points must be the subject of 
future research. 

CONCLUSIONS 

Based on a mathematical model designed to describe 
continuous cationic isobutylene polymerization re- 
actors, steady-state solutions were computed and 

stability analysis was carried out for certain oper- 
ation conditions, which resemble the Exxon process. 
It was shown that these reactors are very stable ki- 
netic systems and that they should not lead to dy- 
namic instabilities, such as self-sustained oscilla- 
tions and steady-state multiplicity. It seems that 
complex dynamics observed at  actual conditions 
should be linked to external variables, such as heat 
exchanger operation and design and the presence of 
impurities in the feed stream, and not to the reaction 
mechanism. 

We thank Polibutenos do Brasil SA for providing process 
data and for technical support. We also thank CNPq- 
Conselho Nacional de Desenvolvimento Cientifico e Tec- 
nolbgico-for providing scholarships for both authors. 

NOMENCLATURE 

effective heat transfer area 
A1C13 feed concentration 
specific heat of the reactive mixture 
specific heat of the feed stream 
polymer weight concentration 
number average degree of 

polymerization 
reactor diameter 
turbine impeller diameter 
inside film heat transfer coefficient 
outside film heat transfer coefficient 
thermal conductivity of the reacting 

thermal conductivity of the continuous 

thermal conductivity of the disperse 

monomer concentration 
monomer concentration in the 

monomer concentration in the disperse 

monomer feed concentration 
monomer molecular weight 
solvent molecular weight 
number average molecular weight 
weight average molecular weight 
rotational speed of the turbine impeller 
Prandlt number 
polydispersity index 
outlet volumetric flow rate 
volumetric feed flow rate 
Reynolds number 
monomer reaction rate 

mixture 

phase 

phase 

continuous phase 

phase 
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solvent reaction rate 
solvent concentration 
solvent concentration in the 

continuous phase 
solvent concentration in the disperse 

phase 
solvent feed concentration 
reactor temperature 
coolant temperature 
feed temperature 
global heat transfer coefficient 
reactor volume 
monomer molar fraction in the 

solvent molar fraction in the 
continuous phase 

continuous phase 

Greek Symbols 

propagation probability 
heat of polymerization 
monomer conversion 
isobutylene-polyisobutylene Flory- 

Huggins interaction parameter 
methyl chloride-polyisobutylene Flory- 

Huggins interaction parameter 
volume fraction of the disperse phase 
viscosity of the reacting mixture 
viscosity of the isobutylene-n -pentane 

viscosity of the continuous phase 
Huggins specific viscosity. 
fluid viscosity a t  the wall temperature, 
Mark-Houwink intrinsic viscosity 
kth moment of dead polymer molecular 

volume fraction of j 
monomer feed volume fraction 
monomer disperse phase volume 

polymer disperse phase volume fraction 
solvent disperse phase volume fraction 
reactor discharging time 
reactor charging time 
density of the reactive mixture 
density of the feed stream 
monomer density 
solvent density 
monomer density a t  feed temperature 
solvent density at feed temperature 
mass fraction of species j .  
catalyst efficiency 
initiator feed concentration 

mixture 

weight distribution 

fraction 

APPENDIX: JACOBIAN MATRIX 

In this appendix the Lyapunov First Method for or- 
dinary differential equations and an extension for 
differential algebraic systems are presented. As- 
suming that the Implicit Function Theorem con- 
ditions are ~atisfied,~' the DAE jacobian matrix may 
be written as:43 

where the external dot means that algebraic restric- 
tions of the differential algebraic system are satis- 
fied. 

INTRODUCTION 

The classical Lyapunov Theory44 allows the analysis 
of the stability of dynamic system responses. Let an 
autonomous system be described by the following 
set of ordinary differential equations: 

dx - = x = g ( g )  
dt  - 

Let g* be a steady-state solution of (A.2 ) : 

If the steady state is perturbed, then 

where D:g is the jacobian matrix of (A.2), evaluated 
at the steady state g*, and h( 6g) are the nonlinear 
higher order terms of (A.2 ) . 

Assuming that the perturbation is small: 

The stability of the steady-state solutions (A.2) 
is completely determined by the signs of the D,*g 
eingenvalues. Thus, g* is: a stable steady state,-if 
the real parts of all D,*g eingenvalues are strictly 
negative; an unstable steady state, if at least one of 
the Dfgeingenvalues has a strictly positive real part. 

If the real part of one or more of the D,*g ein- 
genvalues is equal to zero, the system stability is 
determined by the higher order terms. At these 
points, a radical change of system dynamics occurs. 
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These points are the focus of the Local Bifurcation 
Theory.40 

SOLUTION POLYMERIZATION REACTOR 
MODEL 

The solution polymerization reactor model is de- 
scribed by a system of autonomous differential al- 
gebraic equations in the form: 

where: 

- xT = [ M, S, T, A',  A,] (A.8a) 

and 

6 = Oe (A.8b) 

Expanding (A.7) into a Taylor series and ne- 
glecting higher order terms: 

From eq. (A.9b) one can write 68 as a function 
of 6~ and S-: 

PRECl PlTATlO N POLYMERIZATION 
REACTOR MODEL 

The precipitation reactor model is described by a 
set of autonomous differential algebraic equations 
in the form: 

where (A.14a) represents the four reactor balance 
equations and (A.14b) represents the thermody- 
namic equilibrium equation. The state variables are: 

- xT = [vb, 4, TI (A.15a) 

y = v $  (A.15b) 

e = 6, (A.15~) 

In this case, it is convenient to define a set of 
variables 2, which represents the functions inside 
the time derivatives: 

Expanding (A.16) into a Taylor series and ne- 
glecting higher order terms: 

which may be substituted in (A.9a) : 
Substituting (A.17b) in (A.17a) 

or 

Thus, the Jacobian of the solution polymerization 
reactor model is 

From (A.17~) one can write 6 y  as a function of 
6x: 

which may be substituted in (A.18), leading to: 
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xD:h] = - 

In this system the matrices that multiply 6% and 
6- are 4x3 noninvertible matrices. Therefore, it is 
possible to write 60 as an explicit function of 6s and 
S-, using one of the four (linear) equations that con- 
stitute (A.20). Then, let: 

E - 
... (A.21b) 
- eT 

& = [ D: - _  f - D,* f * [ Dy* h]  -' 
t - 1  

X D z  h ]  = 1:J (A.21a) 

L J  

where A and B are 4x3 matrices, and E are square 
3x3 rn&ices:G is a four-dimensional column vector, 
d, e, and E are three-dimensional column vectors, 
and f is a escalar. 

Then: 

or: 

From (A.23b), and assuming f is not null: 

eT 
(A.24) 

dT 60 = = .hi -= . a x  
f - f  - 

which may be substituted in (A.23a), leading to: 

or 

Assuming that 

[.-7] F-dT 

is invertible: 

Thus, the Jacobian of the precipitation polymer- 
ization reactor model is 

where d, e, f, E , E ,  and - Fare defined by eq. ( A.21) . 
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